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Abstract
We show that the groups of finite energy loops and paths (that is, those of Sobolev class H1) with values in a
compact connected Lie group, as well as their central extensions, satisfy an amenability-like property: they admit
a left-invariant mean on the space of bounded functions uniformly continuous with regard to a left-invariant
metric. Every strongly continuous unitary representation pi of such a group (which we call skew-amenable) has a
conjugation-invariant state on B(Hpi).
1. Motivation and statements of results
We are interested in the following open question.
Question 1 (Carey and Grundling [4], p. 114) Let X be a compact Riemannian manifold. Are the groups
Ck(X,SU(n)), C∞(X,SU(n)), and Hk(X,SU(n)) with their natural group topologies amenable?
Amenability of a topological group G is meant in the sense of de la Harpe [6]: every continuous action
of G on a compact space admits an invariant regular Borel probability measure. Equivalently, the space
RUCB (G) of bounded right uniformly continuous functions on G admits a left-invariant mean. The right
uniform continuity of a function f is meant in the sense of Bourbaki ([3], Ch. III, p. 20): |f(x)−f(vx)| < ε
for every ε > 0 when v belongs to a sufficiently small neighbourhood of identity, V . In other words, the
map sending each g ∈ G to the function gf , gf(x) = f(g−1x), is continuous in the supremum norm.
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The question was advertised by its authors since at least 2000, as a possible tool to prove the existence
of invariant vacuum states in gauge field theories. More generally, it can be asked about the group of
vertical automorphisms of a smooth principal K-bundle for any compact connected Lie group K. It can
be shown that the C∞ case is equivalent to the amenability of the Ck class groups for all k ≥ 0, or of the
class Hk groups for all k > dimX/2, where X is the base. To our knowledge, the problem remains open
for all values of k.
An exception is the case of continuous paths and loops (that is, k = 0 and X = [0, 1] or S1). Here a
positive answer follows from the work of Marie-Paule Malliavin e Paul Malliavin [15]. (See Sect. 2 below.)
In this Note we study groups of finite energy paths and loops (those of Sobolev class H1 =W 12 , strictly
intermediate between C0 and C1). Here is the main result.
Theorem 1.1 Let K be a compact connected Lie group. The topological groups of finite energy paths
H1(I,K), loops H1(S1,K), based paths H10 (I,K), and based loops H
1
0 (S
1,K), as well as their central
extensions, admit a left-invariant mean on the space of left uniformly continuous bounded functions.
A function f is left uniformly continuous if for every ε > 0, we have |f(x) − f(xv)| < ε when v ∈ V
and V is a sufficiently small neighbourhood of identity. In the case of a metrizable group, it is the same
as uniform continuity with regard to a compatible left-invariant metric.
We adopt a suggestion by Martin Schneider to call a topological group G admitting a left-invariant
mean on the space LUCB (G) skew-amenable. We still do not know whether the groups of H1 paths
and loops are amenable. However, it appears that the skew-amenability of a topological group allows to
construct invariant states on algebras of operators with more ease than amenability.
Given a strongly continuous unitary representation π of G in a Hilbert space H, a state φ on the
algebra B(H) (that is, a positive linear functional with φ(1) = 1) is invariant if φ(πg∗Tπg) = φ(T ) for
every bounded operator T and each g ∈ G. A unitary representation admitting an invariant state is called
amenable in the sense of Bekka [2].
Proposition 1.1 (Giordano and Pestov [11], Prop. 4.5) Every strongly continuous unitary repre-
sentation of a skew-amenable topological group G is amenable in the sense of Bekka.
For a locally compact group G skew-amenability is equivalent to amenability: since the left regular
representation of G is amenable by the above, the group is amenable by Thm. 2.2 in [2]. (For a stronger
result, see [13], Thm. 2.2.1.) At the same time, the unitary group U(ℓ2) with the strong operator topology
is amenable [6] but not skew-amenable, by Prop. 1.1 above and the proof of Prop. 2 in [5] or Ex. 3.6.3 in
[18]. We do not know if every skew-amenable group is amenable.
Corollary 1.2 Let K be a compact connected Lie group. The groups of finite energy paths and loops with
values in K, as well as their central extensions, admit an invariant state for every strongly continuous
unitary representation.
Note that in a toy example discussed in [4], Sect. 4, the group of gauge transformations (C0((0, 1), SU(n))
with the relative weak topology) is not only amenable, but skew-amenable as well, because it is a SIN
group (the right and left uniform structures coincide). We suggest the following.
Question 2 Let K be a compact Lie group, and P a principal smooth G-fibre bundle. Are the groups
of vertical automorphisms of P of classes Ck, Hk, k ≥ 0, and C∞ with the corresponding topologies
skew-amenable?
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2. Continuous paths and loops: result of Malliavin and Malliavin
According to [15], on the group of C0-loops taking values in a compact connected Lie group K, inte-
gration with regard to the nonlinear Wiener measure wt of parameter t is asymptotically left-invariant in
the limit t → ∞ under the action of the subgroup of C1-loops. In other words, if f is a bounded Borel
function on the group C0(S1,K), then for every C1 loop g,∫
f(g−1x) dwt(x) −
∫
f(x) dwt(x)→ 0 as t→∞.
(Apply Theorem 1.1, loco citato, with p = 2, and the Cauchy inequality.) Let now U be an untrafilter on
R containing every interval [t,+∞). It follows that the ultralimit
φ(f) = lim
t→U
∫
f(x) dwt(x)
is a C1-left invariant mean on the space of bounded Borel functons on the group of C0-loops. The
definition of right uniform continuity easily implies that the restriction of φ to the bounded right uniformly
continuous functions is already invariant under left translations by all C0-loops. So the group C0(S1,K)
is amenable.
A similar argument holds for the path group, but is unnecessary, because the group C0(I,K) is iso-
morphic to a topological quotient group of the loop group. We have:
Corollary 2.1 The groups of continuous paths and loops with values in a compact connected Lie group,
with the C0-topology, are amenable.
3. Finite energy paths and loops
Let G be a Lie group, and t ∈ I a point of smoothness of a function f : I → G. The right logarithmic
derivative of f at t is an element of the Lie algebra g of G:
∂logf(t) = f ′(t) · f(t)−1. (1)
Here we use a simplified notation for the image of f ′(t) ∈ Tf(t)G in Te(G) = g under the right translation
by f(t)−1. If G is a matrix group, it becomes a genuine product of matrices.
If t is a common point of smoothness for two maps f, g : I→ G, a direct calculation verifies the cocycle
condition:
∂log(fg)(t) = ∂logf(t) + Ad f(t)∂
logg(t). (2)
The formula holds in a very general context of infinite-dimensional Lie groups G, see [16], p. 250. For
matrix groups, the adjoint representation is the conjugation: Ad gy = gyg
−1.
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An absolutely continuous mapping f : I→ G has the right logarithmic derivative defined almost every-
where. Such a mapping has finite energy if∫ 1
0
∥∥∂logf(t)∥∥2 dt <∞.
Now assume G to be a compact connected Lie group, realized as a Lie subgroup of SO(n) inside of
Mn(R) with the Hilbert–Schmidt norm. Since the right hand side in the formula (1) becomes a matrix
multiplication, and the matrix f(t)−1 is orthogonal, it preserves the norm. It follows that for G compact,
the finite energy paths are just the mappings f : I→ G of Sobolev class H1 =W (1)2 .
The space H1(I,Mn(R)) ∼= H1[0, 1]⊗Mn(R) ∼=Mn(H1[0, 1]) with the Sobolev norm
‖f‖ =
(
‖f‖22 + ‖f ′‖
2
2
)1/2
(3)
forms a unital Banach algebra under the pointwise multiplication (because so does H1[0, 1] [17], Corol.
9.7, p. 30). Consequently, the collection H1(I, G) forms a topological subgroup of the group of invertible
elements H1(I,Mn(R))
×. (It is even a Banach–Lie group, see a more general result in [1], Sect. 1.8, but
we will not use this.) In the same way, finite energy loops form a topological group, H1(S1, G), isomorphic
to a closed cocompact subgroup of H1(I, G).
On the subgroupH10 (I, G) of based paths (f(0) = eG), the Maurer-Cartan cocycle map ∂
log : H10 (I, G)→
L2(I, g) is clearly injective. It is also surjective, with the inverse given by the product integral [8,16]. If
f is a step function taking constant values in g on each interval [ti, ti+1), i = 0, 1, . . . , n − 1, and if
t ∈ [tj , tj+1), the product integral off between 0 and t is defined by
t∏
0
exp f(s) ds = expG(t− tj)f(tj) expG(tj − tj−1)f(tj−1) . . . expG t1f(0).
Afterwards, the product integral is extended over all L1-functions by continuity. In particular, it is well
defined on the L2 functions. The function I ∋ t 7→ ∏t0 exp f(s) ds ∈ G is absolutely continuous and
satisfies
∂logt
t∏
0
exp f(s) ds = f(t), t-a.e.
(See [8], Thm. 1.2, and Sect. 1.8, p. 55, eq. (8.6).)
Notice that for f ∈ H10 (I, G), ‖f ′‖2 =
∥∥∂logf∥∥
2
. It follows that on the group H10 (I, G), the metric
induced by the Sobolev norm in Eq. (3) is equivalent to the metric induced from the space L2((0, 1), g)
through the cocycle map:
d(f, g) =
∥∥∂logf − ∂logg∥∥ .
This metric d is left invariant, because the L2 norm is invariant under translations and rotations.
One can now identify H10 (I, G) as a topological group with the space L
2((0, 1), g) equipped with the
multiplication operation
f ∗ g = f +AdΠ exp fg. (4)
Here Π exp f is the short for the function t 7→∏t0 exp f(s) ds, and the adjoint representation Ad is applied
pointwise. In our case of G being a matrix group, Ad gx = gxg
−1.
Under the topological group isomorphism
∂log : H10 (I, G)→
(
L2((0, 1), g), ∗) , (5)
the additive uniform structure on L2((0, 1), g) corresponds to the left uniform structure on H10 (I, G).
It follows that the group H10 (I, G) is separable and Weil-complete, that is, complete in the left (or,
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equivalently, right) uniformity. In particular, it is a Polish group. Since H1(I, G) is an extension of the
based path group by a compact subgroup, and the group H1(I, G) contains H1(S1, G) and H10 (S
1, G) as
closed subgroups, they are separable and Weil-complete too. At the same time, these are not SIN groups.
Proposition 3.1 Let G be a non-abelian connected compact Lie group. On each of the groups H10 (I, G),
H1(I, G), H10 (S
1, G) and H1(S1, G) the left and the right uniform structures are different.
PROOF. Enough to prove the result for the former group (which is obtained from every other group
by taking subgroups and/or quotients). Fix any element y ∈ g \ Z(g). Identify H10 (I, G) as a topological
group with (L2((0, 1), g), ∗) as in Eqs. (4-5). Let π be the orthogonal projection of L2((0, 1), g) onto the
one-dimensional subspace spanned by the constant function y. This π is (left) uniformly continuous. Given
ε > 0, there is f ∈ L2((0, 1), g) with ‖f‖2 < ε and such that Ad∏t
0
exp f(s) ds
y 6= ±y for almost all t. Since
the adjoint action is by the orthogonal transformations, it follows that
∥∥∥π (Ad∏ exp fy − y)∥∥∥ > 0. Now
for a sufficiently large R > 0,
‖π(f ∗Ry)−Ry‖2 ≥ R
∥∥∥π (Ad∏ exp fy − y)∥∥∥
2
− ε
will be as large as desired. So, π is not right uniformly continuous. ✷
4. Skew-amenability of the group of based paths
Lemma 4.1 Let sn be a sequence of positive reals with sn = o(n
−1/2). Let Bn denote the unit ball in the
n-dimensional Euclidean space, and λn the Lebesgue measure. Then λ
n((Bn + sne1) \ Bn)/λn(Bn) → 0
as n→∞.
PROOF. For i = n, n − 1 denote λ˜i the Lebesgue measure on the ball Bi normalized to one. Since
s2n = o(1/n), it is possible to choose a sequence of positive reals αn with
αn = o(1/n) ∩ ω(s2n).
The normalized (n − 1)-volume of the ball (1 − αn)Bn−1 equals (1 − αn)n−1 = 1 − o(1). For every
x ∈ e⊥1 with ‖x‖ ≤ 1 − αn, the height hn(x) of the section of the ball Bn in the direction e1 over the
point x satisfies hn(x)
2 + (1 − αn)2 = 1, thus hn(x)2 = 2αn − α2n and hn(x) = Ω(α1/2n ). In particular,
hn(x) = ω(sn), uniformly in x. Using the Fubini theorem,
λn((Bn + sne1) \Bn)
λn(Bn)
= λ˜n((Bn + sne1) \Bn)
≤
∫
Bn−1\(1−αn)Bn−1
dλ˜n−1(x) +
∫
(1−αn)Bn−1
sn
hn(x)
dλ˜n−1(x)
= o(1) + (1− o(1))o(1)
= o(1).
✷
We will freely use the isomorphism in Eq. (5). For every N , denote PN the uniform partition of the
unit interval into subintervals of length 1/N . Let VN be the space of all functions in L
2((0, 1), g) constant
a.e. on elements of PN . The union
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V∞ =
∞⋃
N=1
VN
forms a vector space which is dense in L2((0, 1), g).
Let RN ↑ ∞ be a sequence of positive real numbers. Denote BN the unit ball in the Nd-dimensional
Euclidean space VN , where d = dim g. Let νN be the Lebesgue measure on the ball RNBN normalized to
one.
Let U be a non-principal ultrafilter on the natural numbers. Define a mean φ on the space of all bounded
(left) uniformly continuous functions F on L2((0, 1), g) by
φ(F ) = lim
N→U
∫
F (x) dνN (x).
We will show that, under suitable assumptions on the rate of growth of RN , the mean φ is left-invariant
with respect to the group operation ∗ from Eq. (4). It is enough to show separately that for every
g ∈ L2((0, 1), g) we have ∫ (F (x + g) − F (x)) dνN (x) → 0, and for every r ∈ H10 (I, G), ∫ (F (Ad rx) −
F (x)) dνN (x)→ 0, as N →∞.
Lemma 4.2 Suppose
RN = ω(N
−1/2).
Let F be a bounded Borel measurable function on L2((0, 1), g), and let (gN ) be a norm-bounded sequence,
where gN ∈ VN for each N . Then ∫
[F (gN + f)− F (f)] dνN (f)→ 0,
and the rate of convergence only depends on supN ‖gN‖ and ‖F‖∞.
PROOF. If every element of the sequence RNBN is seen as a Følner set in the additive group of
the finite-dimensional Euclidean space VN , then the Følner constants only depend on N as long as the
elements gN ∈ VN have norm ≤M . In other words, the measure of the symmetric difference between the
unit ball BN and its shift by a vector of length ≤M in whatever direction converges to zero as N →∞.
This is assured by Lemma 4.1:∫
L2
[F (gN + f)− F (f)] dνN (f) =
∫
RNBN
F (gN + f) dνN (f)−
∫
RNBN
F (f) dνN (f)
=
∫
(RNBN+gN )∩RNBN
F (f) dνN (f) +
∫
RNBN\RNBN−gN
F (f) dνN (f)
−
∫
(RNBN+gN )∩RNBN
F (f) dνN (f)−
∫
RNBN\(RNBN+gN )
F (f) dνN (f)
≤ 2 ‖F‖∞ νN (RNBN \ gN +RNBN )
= 2 ‖F‖∞ λ˜n(BN \ ‖gN‖R−1N e1 +BN )
≤ 2 ‖F‖∞ λ˜n(BN \MR−1N e1 +BN )
→ 0,
because MR−1N = o(N
−1/2) by assumption. ✷
Recall that for an element f ∈ L2((0, 1), g) and a function r : [0, 1]→ G, we define Ad rf pointwise a.e.,
that is, (Ad rf)(x) = Ad r(x)f(x). Since we realize g and G inside of Mn(R), the adjoint representation
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is just the conjugation: Ad g(x) = gxg
−1. Denoting the uniform operator norm on matrices ‖·‖u, and the
Hilbert–Schmidt norm by ‖·‖2, we have, for two unitary operators u, v and a matrix A ∈Mn,
‖Ad uA−Ad vA‖2 =
∥∥uAu−1 − vAv−1∥∥
2
≤
∥∥uAu−1 − uAv−1∥∥
2
+
∥∥uAv−1 − vAv−1∥∥
2
≤ 2 ‖u− v‖u ‖A‖2 .
Lemma 4.3 Suppose
RN = o(N/ logN).
Then for every H1-function r : [0, 1]→ K ⊆Mn and every bounded uniformly continuous function F on
L2((0, 1), g), ∫
L2
[F (Ad rf)− F (f)] dνN (f)→ 0 as N →∞,
and the convergence is uniform in r over every set bounded in the norm
∥∥∂logr∥∥
2
, and also over any
uniformly equicontinuous and uniformly bounded family of functions F .
PROOF. Every H1-function r : [0, 1]→ G ⊆Mn is Ho¨lder continuous with exponent 1/2, more exactly,
for 0 ≤ s ≤ t ≤ 1,
‖r(s)− r(t)‖u ≤ C
(∫ t
s
‖r′(x)‖22 dx
)1/2
|s− t|1/2,
= C
(∫ t
s
∥∥r′(x)r(x)−1∥∥2
2
dx
)1/2
|s− t|1/2.
For every i = 0, 1, . . . , N − 1, denote
ci =
(∫ (i+1)/N
i/N
‖r′(x)‖22 dx
)1/2
.
Thus,
∑N−1
i=0 c
2
i =
∥∥∂logr∥∥2. Given t ∈ [i/N, (i+ 1)/N),
‖r(i/N)− r(t)‖u ≤ CciN−1/2.
Approximate r with a step function ρ taking the value r(i/N) on the i-th interval of the partition. For t
as above,
‖r(t) − ρ(t)‖u ≤ CciN−1/2.
Let f ∈ BN , the unit ball in the Euclidean space VN . Denote fi the constant value taken by f on the
interval [i/N, (i+ 1)/N). We have:
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‖Ad rf −Ad ρf‖22 =
∫ 1
0
∥∥(Ad r(x) −Ad ρ(x))f(x)∥∥22 dx
≤
N−1∑
i=0
∫ (i+1)/N
i/N
4 ‖r(x) − ρ(x)‖2u ‖fi‖22 dx
≤ 4
N−1∑
i=0
∫ (i+1)/N
i/N
C2c2iN
−1 ‖fi‖22 dx
= C′N−1
N−1∑
i=0
c2i
∫ (i+1)/N
i/N
‖fi‖22 dx
= C′N−1
N−1∑
i=0
c2iN
−1 ‖fi‖22
≤ C′N−1
∥∥∂logr∥∥2 N−1max
i=0
(
N−1 ‖fi‖22
)
.
Thus,
‖Ad rf −Ad ρf‖2 ≤ C′′N−1/2
∥∥∂logr∥∥ N−1max
i=0
(
N−1/2 ‖fi‖2
)
. (6)
For every i, the function
BN ∋ f 7→ N−1/2fi ∈ g ⊆Mn
is 1-Lipschitz. Fix an orthonormal basis e1, . . . , ed in g. The function BN ∋ f 7→ 〈N−1/2fi, ej〉 ∈ R is
1-Lipschitz, with zero as the median value. The ball BN has dimension Nd. By the Le´vy concentration
inequality for the Euclidean ball ([14], Prop. 2.9, p. 30), for every ε > 0
ν
{
f ∈ BN :
∣∣∣〈N−1/2fi, ej〉∣∣∣ > ε} < 2 exp(−cε2Nd),
where ν is the Lebesgue measure on BN normalized to one. Consequently,
ν{f ∈ BN : N−1/2 ‖fi‖2 > ε} ≤ ν
{
x ∈ BN : ∃j = 1, . . . , d,
∣∣∣〈N−1/2fi, ej〉∣∣∣ > ε}
< 2d exp(−cε2Nd).
Substituting ε = logN/
√
N ,
ν{x ∈ BN : N−1/2 ‖fi‖2 > logN ·N−1/2} < 2d exp(−cd log2N),
and
ν
{
x ∈ BN : N−1max
i=0
(
N−1/2 ‖fi‖2
)
> logN ·N−1/2
}
< 2Nd exp(−cd log2N)
= 2NdN−cd logN
= 2dN1−cd logN
= N−ω(1).
Denote
AN = {f ∈ BN : ∀i, N−1/2 ‖fi‖ ≤ logN ·N−1/2}
and AcN = BN \AN .
Let F be a uniformly continuous bounded function on L2((0, 1), g), and denote
εF (δ) = sup{|F (f)− F (h)| : ‖f − h‖2 < δ}.
We have εF (δ)→ 0 when δ → 0.
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Note that Ad ρ leaves VN invariant, and since Ad ρ is an orthogonal operator, it leaves the measure ν
invariant as well. We have∫
L2
[F (Ad rf)− F (f)] dνN (f) =
∫
RNBN
[F (Ad rf)− F (Ad ρf)] dνN (f) +
∫
RNBN
[F (Ad ρf)− F (f)] dνN (f),
where the second integral vanishes. Let us estimate the first integral separately over RNAN and RNA
c
N .
For the latter, ∣∣∣∣∣
∫
RNAcN
[F (Ad rf)− F (f)] dνN (f)
∣∣∣∣∣ ≤
∫
RNAcN
|F (Ad rf)− F (f)| dνN (f)
≤ 2 ‖F‖∞ νN (RNAcN )
= 2 ‖F‖∞ λ˜N (AcN )
< 4d ‖F‖∞N1−cd logN
→ 0,
and the convergence is obviously uniform in r. For RNAN , we have, using Eq. (6),
sup
f∈RNAN
‖Ad rf −Ad ρf‖2 ≤ sup
f∈RNAN
N−1/2
∥∥∂logr∥∥
2
N−1
max
i=0
(
N−1/2 ‖fi‖2
)
≤ N−1/2
∥∥∂logr∥∥
2
logN
N1/2
RN
=
∥∥∂logr∥∥
2
logN
N
RN
→ 0,
because of the hypothesis RN = o(N/ logN). Now,∣∣∣∣∫
RNAN
[F (Ad rf)− F (Ad ρf)] dνN (f)
∣∣∣∣ ≤ ∫
RNAN
|F (Ad rf)− F (Ad ρf)| dνN (f)
≤ εF
(
sup
f∈RNAN
‖Ad rf −Ad ρf‖
)
≤ εF
(∥∥∂logr∥∥
2
logN
N
RN
)
→ 0.
The convergence is uniform in r on any set where the values of
∥∥∂logr∥∥
2
are bounded. It is also uniform
for any uniformly bounded family of functions F having a common modulus of uniform continuity. ✷
Lemma 4.4 Let D be a compact subset of the group H10 ((0, 1), G). For every bounded left uniformly
continuous function F on the group we have, uniformly in g ∈ D,∫
[F (g ∗ f)− F (f)] dνN (f)→ 0. (7)
The convergence is uniform over any uniformly equicontinuous and uniformly bounded family of functions
F .
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PROOF. Denote M = maxf∈D ‖f‖ + 1. Given ε > 0, find δ > 0 such that whenever ‖f − h‖2 < δ,
|F (f)− F (h)| < ε. Now find N so large that, for each n ≥ N ,
— D is contained in the δ-neighbourhood of Vn,
—
∫
[F (g + f)− F (f)] dνn(f) < ε whenever g′ ∈ VN and ‖g′‖ ≤M ,
— for each g ∈ D, ∫ [F (Ad Πexp gf)− F (f)] dνn(f) < ε.
Given g ∈ D and n ≥ N , find g′ ∈ Vn with ‖g − g′‖ < δ. Now∣∣∣∣∫ [F (g ∗ f)− F (f)] dνn∣∣∣∣ = ∣∣∣∣∫ [F (g +AdΠ exp gf)− F (f)] dνn∣∣∣∣
≤
∣∣∣∣∫ [F (g +AdΠ exp gf)− F (g′ +AdΠexp gf)] dνn∣∣∣∣+∣∣∣∣∫ [F (g′ + AdΠexp gf)− F (Ad Πexp gf)] dνn∣∣∣∣+∣∣∣∣∫ [F (AdΠ exp gf)− F (f)] dνn∣∣∣∣
< 3ε.
✷
As an immediate consequence, we obtain the skew-amenability for the group H10 (I,K) of based paths.
5. Co-compact normal subgroups
In this Section we will establish the skew-amenability of the group of based loops, as a direct consequence
of the following result.
Theorem 5.1 A normal co-compact subgroup of a skew-amenable metrizable group is skew-amenable.
(The result is valid without an assumption of metrizability, but the proof is more involved.)
For a topological group G, denote L(G) the Gelfand space of the C∗-algebra LUCB(G). This is the
maximal (Samuel) compactification ([19], Ch. III) of the left uniform space of G. The left action of G on
the algebra, f 7→ gf , is by C∗-algebra automorphisms, and so it determines an action of G on the left by
homeomorphisms on the space L(G), although this action will in general be discontinuous. By the Riesz
representation theorem, G is skew-amenable if and only if L(G) supports a left-invariant regular Borel
probability measure.
It is instructive to compare L(G) with the Samuel compactification of the right uniform space of G,
known as the greatest ambit, S(G) (see e.g. [7,18]). In this case, the left action of G on S(G) is continuous,
and G is amenable if and only if S(G) admits a left-invariant regular Borel probability measure. It is easy
to see, using the inversion map g 7→ g−1, that the right action on the “skew ambit” L(G) is continuous,
and G is amenable if and only if L(G) admits a right invariant probability measure. Equivalently, G is
skew-amenable if the greatest ambit admits a right invariant probability measure.
Now let H be a normal subgroup of a metrizable topological group G, such that the quotient groupK =
G/H is compact. Fix a bounded left-invariant compatible metric d on G, and denote π : G → G/H the
quotient homomorphism. It extends to a continuous G-equivariant map π¯ : L(G) → G/H . The formula
d¯(xH, yH) = inf{d(xh1, yh2( : h1, h2 ∈ H} defines a left-invariant compatible metric on G/H (this is
where we are using the normality of H). Let µ be a left-invariant regular Borel probability measure on
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L(G). For δ > 0, cover K with finitely many open δ-balls. They are all left translations of each other.
The same is true of their inverse images under π¯, all of which consequently have the same strictly positive
measure. The open set Vδ = π¯
−1Bd¯δ (e) satisfies HVδ = Vδ, so is invariant under the left translations by
elements of H . Let µδ be the restriction of the measure µ to Vδ, normalized to one. The measure µδ is a
regular Borel probability measure on L(G), invariant under left translations by elements of H .
Every bounded uniformly continuous function on a metric space is uniformly approximated with Lip-
schitz functions (see e.g. [10], Corol. 1). Therefore, it is enough to define a left-invariant mean on the
bounded Lipschitz functions on (H, d), or, essentially the same, a left-invariant positive affine functional
on the bounded 1-Lipschitz functions sending 0 to 0 and 1 to 1. Given a bounded 1-Lipschitz function
F : H → R, extend it to a bounded 1-Lipschitz function F˜ : G→ R in a usual way:
F˜ (g) = inf{F (h) + d(g, h) : h ∈ H}.
Further, extend F˜ to a continuous function F¯ : L(G) → R. Now choose an ultrafilter U on R containing
all the intervals (0, δ), δ > 0, and set
φ(F ) = lim
δ→U
∫
L(G)
F¯ (x) dµδ(x).
1. Left-invariance of φ. For every k ∈ H and g ∈ G,
kF˜ (g) = F˜ (k−1g)
= inf{F (h) + d(k−1g, h) : h ∈ H}
= inf{F (k−1h) + d(k−1g, k−1h) : h ∈ H}
= inf{ kF (h) + d(g, h) : h ∈ H}
= k˜F (g).
By continuity, one must have kF¯ = kF , and since the measures µδ are left-invariant, we conclude.
2. Other properties of φ. Given x ∈ Vδ∩G, there is h ∈ H with d(h, x) < δ. It means that the value at x
of every function F˜ , where F is 1-Lipschitz on H , is δ-approximated by the value of F at h. Consequently,
for every constant function c on H , supx∈Vδ |c¯(x)− c| ≤ δ, and since suppµδ ⊆ Vδ,∫
|c¯(x) − c| dµδ(x) ≤ δ.
For every positive 1-Lipschitz function F ≥ 0, we deduce that F˜ ≥ −δ on Vδ, so∫
F¯ (x) dµδ(x) ≥ −δ.
For any 1-Lipschitz functions F,G and t ∈ [0, 1], we have
sup
x∈Vδ
∣∣∣ ˜tF + (1− t)G(x)− tF˜ (x) − (1− t)G˜(x)∣∣∣ ≤ 3δ,
and ∫ ∣∣∣ ˜tF + (1− t)G(x)− tF˜ (x)− (1 − t)G˜(x)∣∣∣ dµδ ≤ 3δ.
In the ultralimit, we obtain the desired properties of φ. ✷
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6. Semidirect products with compact groups
The groups of paths H1(I, G) and loops H1(S1, G) decompose into semidirect products of the normal
subgroups, H10 (I, G) and H
1
0 (S
1, G) respectively, with the compact subgroup of constant paths (= loops),
isomorphic to G. Therefore, to establish their skew-amenability, it is enough to prove to following result.
Theorem 6.1 The semidirect product of a compact group and a skew-amenable group is skew-amenable.
Recall that a topological groupG is an inner semidirect product of a subgroupK and a normal subgroup
H if every element of G is uniquely written as a product of an element of K and an element of H , and
the resulting map K ×H → G is a homeomorphism. In this case, for x, y ∈ K and g, h ∈ H ,
xgyh = xy · y−1gy · h,
and the mapping ς : K → AutH , ςyg = y−1gy, is an antihomomorphism, that is, ςyzg = z−1y−1gyz =
ςzςyg. The group operation becomes
(x, g)(y, h) = (xy, ςyg · h).
We will denote this relization of outer semidirect product K ⋉1ς H .
Note however that the group G also admits a unique decomposition as G = H ·K: indeed, g = xh =
xhx−1 · x, and the mapping (h, x) 7→ hx = x · x−1hx ∈ G is also a homeomorphism. In this case,
gxhy = g · xhx−1 · xy,
and the map of K to AutH defined by τxh = xhx
−1 is a homomorphism. The group operation on the
product K ×H becomes
(x, g)(y, h) = (xy, gτxh).
We will denote this realization of semidirect product K ⋉2τ H . Here is an isomorphism between the two:
K ⋉1τ H ∋ (x, h) = xh 7→ xhx−1 · x = (x, τxh) ∈ K ⋉2τ H. (8)
Lemma 6.2 The compactification L(K ⋉2τ G) can be canonically identified with the product K × L(G):
the unique continuous map L(K ⋉2τ G)→ K × L(G) extending the identity map on K ⋉2τ G is a homeo-
morphism.
PROOF. Let f : K ⋉2 G → R be a bounded uniformly continuous function. For every x ∈ K, the
function
fx : G ∋ g 7→ f(x, g) ∈ R
is bounded left uniformly continuous on G, and so extends uniquely to a continuous function fx : L(G)→
R. Coalescing the functions fx, x ∈ K, we get a bounded function
f¯ : K × L(G) ∋ (x, g) 7→ fx(g) ∈ R,
so it only remains to show it is continuous.
Let (x0, ξ0) ∈ K × L(G), and let ε > 0. Since the right action by K on L(G) is continuous, there is a
neighbourhood of identity, V , in K, with the property: for all x ∈ V and all (y, h) ∈ K ⋉G,
f(yx, h)
ε≈ f(y, h)
(here (y, h)(x, e) = (yx, h)). Let ζ ∈ L(G) be arbitrary. There exist a net of elements of G with gα → ζ. For
every x ∈ K, f¯(x, gα) = fx(gα)→ fx(ζ) = f¯(x, ζ). We conclude: for all x ∈ V and all (y, ζ) ∈ K ⋉ L(G),
f¯(yx, ζ)
ε≈ f¯(y, ζ). (9)
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Now define an open neighbourhood of ξ0 in L(G) by
U =
(
fx0
)−1
(f(x0, ξ0)− ε, f(x0, ξ0) + ε). (10)
The set x0V × U is an open neighbourhood of (x0, ξ0) in K × L(G). Let (x, ξ) ∈ x0V × U . For some
v ∈ V , we have x = x0v, and∣∣f¯(x, ξ)− f¯(x0, ξ0)∣∣ ≤ ∣∣f¯(x0v, ξ)− f¯(x0, ξ)∣∣+ ∣∣f¯(x0, ξ)− f¯(x0, ξ0)∣∣
< 2ε,
by Eqs. (9) and (10). ✷
Observe that the compactness of K in the lemma above cannot be dropped: for an infinite discrete
group G, the “skew ambit” L(G) is just the Stone–Cˇech compactification, βG, and it is well known that
β(N×N) 6= βN× βN ([9], Exercise 3.6.D(b)). In fact, the Stone–Cˇech compactification of the product of
a compact group K with a discrete group D need not be equal to the product of K with βD either ([9],
Exercises 3.6.D(a) and 3.2.H(b)).
Every topological group automorphism ςx, x ∈ K of G extends to a C∗-algebra automorphism of
LUCB (G), and further to a homeomorphism of L(G). We will denote it with the same symbol, ςx.
Lemma 6.3 The compactification L(K ⋉1τ G) can be canonically identified with the product K × L(G),
with the action of the group K ⋉1τ G given by
(x, g)(y, ξ) = (xy, ςyg · ξ), (11)
for all x, y ∈ K, g ∈ G, and ξ ∈ L(G).
PROOF. The group isomorphism in Eq. (8) preserves the left uniform structure, sends the subgroup K
to itself, and preserves every fiber {x} ×G, from where the first statement follows.
To prove the formula, choose a net gα of elements of G converging to ξ. For fixed x ∈ K and g ∈ G,
the left translations of L(K ⋉ G) ∼= K × L(G) by elements of the group K ⋉ G are continuous, and so
are the transformations τx and the multiplication on the left on L(G), therefore
(x, g)(y, ξ) = (x, g)(y, lim
α
gα)
= (x, g) lim
α
(y, gα)
= lim
α
(x, g)(y, gα)
= lim
α
(xy, ςyg · gα)
= (xy, lim
α
ςyg · gα)
= (xy, ςyg lim
α
gα)
= (xy, ςygξ).
To get the equalities on lines 2 and 6, we have implicitely used the topological identification L(K⋉1τ G) ∼=
K × L(G). ✷
Now we are ready to prove Thm. 6.1. Fix a left-invariant regular Borel probability measure µ on L(G),
and let ν be the normalized Haar measure on K. We claim that the product probability measure ν⊗µ on
K×1ςL(G) is left-invariant. Indeed, for every continuous function f onK×L(G) and each (κ′, g) ∈ K⋉1ςG,
we have, using the Fubini theorem ([12], Th. 252B):
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∫
(κ′,g)f(κ, s) d(ν ⊗ µ)(κ, s) =
∫
K
dν(κ)
∫
L(G)
f((κ′, g)−1 · (κ, s)) dµ(s)
=
∫
K
dν(κ)
∫
L(G)
f((κ′(−1), τκ′(−1)g
−1) · (κ, s))) dµ(s)
=
∫
K
dν(κ)
∫
L(G)
f
(
κ′(−1)κ, τκ′(−1)κg
−1 · s
)
dµ(s)
=
∫
K
dν(κ)
∫
L(G)
f
(
κ′(−1)κ, s
)
dµ(s)
=
∫
K
dν(κ) κ
′
[
κ 7→
∫
L(G)
f(κ, s) dµ(s)
]
=
∫
K
dν(κ)
∫
L(G)
f(κ, s) dµ(s)
=
∫
f(κ, s) d(ν ⊗ µ)(κ, s).
✷
7. Central extensions
Proposition 7.1 A central extension of a skew-amenable topological group is skew-amenable.
PROOF. Let e→ Z → G→ G/Z → e, where Z is central andG/Z is skew-amenable. Select an invariant
mean φZ on ℓ
∞(Z) and a left-invariant mean, φG/Z , on LUCB (G/Z). Given a bounded left-uniformly
continuous function f on G, define
φG(f) = φG/Z [gZ 7→ φZ [z 7→ f(zg)|Z ]] .
The intermediate function gZ 7→ φZ [z 7→ f(zg)|Z] is well-defined (that is, constant on the Z-cosets),
because for each z′ ∈ Z,
φZ [z 7→ f(zgz′)|Z ] = φZ [z 7→ f(z′zg)|Z]
= φZ
[
z 7→ z′−1f(zg)|Z
]
= φZ [z 7→ f(zg)|Z ] .
The intermediate function is also obviously bounded, and left uniformly continuous: if V is such that
g−1h ∈ V implies f(g) ε≈ f(h), then for all z ∈ Z, also f(zg) ε≈ f(zh), and φZ [z 7→ f(zg)] ε≈ φZ [z 7→ f(zh)].
Thus, the value φG(f) above is well-defined, and is clearly a mean on LUCB (G). Remains to verify the
left-invariance:
φG(
hf) = φG/Z
[
gZ 7→ φZ
[
z 7→ hf(zg)|Z
]]
= φG/Z
[
gZ 7→ φZ
[
z 7→ f(h−1zg)|Z
]]
= φG/Z
[
gZ 7→ φZ
[
z 7→ f(zh−1g)|Z
]]
= φG/Z
(
hZ [gZ 7→ φZ [z 7→ f(zg)|Z ]]
)
= φG/Z [gZ 7→ φZ [z 7→ f(zg)|Z]]
= φG(f).
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✷The argument is of course standard, but uses the centrality of Z in an essential way. We do not know
if Prop. 7.1 and Thm. 6.1 can be generalized to show that skew-amenability is closed under extensions.
In the non-locally compact case, skew-amenability appears to be more fragile than amenability, because
of discontinuity of the left action. It could certainly help, to have a general criterion of skew-amenability
as powerful as the criterion of amenability for all topological groups established recently by Schneider and
Thom (Thm. 3.2 in [20]). According to a private communication from Martin Schneider, such a result is
possible and will be published soon.
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